Abstract. Let ∆ be a simplicial complex. We study the expansions of ∆ mainly to see how the algebraic and combinatorial properties of ∆ and its expansions are related to each other. It is shown that ∆ is Cohen-Macaulay, sequentially Cohen-Macaulay, Buchsbaum or k-decomposable, if and only if an arbitrary expansion of ∆ has the same property. Moreover, some homological invariants like the regularity and the projective dimension of the StanleyReisner ideals of ∆ and those of their expansions are compared.
Introduction
Let S = K[x 1 , . . . , x n ] be a polynomial ring over a field K. Any squarefree monomial ideal I in S can be considered both as the Stanley-Reisner ideal of a simplicial complex ∆ I = {{x 1 , . . . , x n } : x 1 · · · x n / ∈ I} and as a facet ideal of the simplicial complex ∆ ′ = F : x F is a minimal generator of I . Each of these considerations make a natural one-to-one correspondence between the class of squarefree monomial ideals in S and the class of simplicial complexes on {x 1 , . . . , x n }. Thus simplicial complexes play an important role in the study monomial ideals. In this regard classifying simplicial complexes with a desired property or making modifications to a structure like a graph or a simplicial complex so that it satisfies a special property, has been considered in many research papers, see for example [1, 5, 6, 7, 9, 10, 14, 20] .
The notion of expansion of a simplicial complex was defined in [14] as a natural generalization of the concept of expansion in graph theory and some properties of a simplicial complex and its expansions were related to each other. Our goal in this paper is to investigate more relations between algebraic properties of the StanleyReisner ideal of a simplicial complex and those of its expansions, which generalize the results proved in [14] . It turns out that many algebraic and combinatorial properties of a simplicial complex and its expansions are equivalent and so this construction is a very good tool to make new simplicial complexes with a desired property.
The paper is organized as follows. In the first section, we review some preliminaries which are needed in the sequel. In Section 2, we study the Stanley-Reisner ideal of an expanded complex. One of the main results is the following theorem. As a corollary, it is shown that sequentially Cohen-Macaulayness of a simplicial complex and its expansion are also equivalent.
Moreover, using an epimorphism which relates the reduced simplicial homology groups, we show that an expansion of ∆ is Buchsbaum if and only if ∆ has the same property (see Theorem 2.5). Theorem 2.13 (resp. Corollary 2.15) shows that ∆ is k-decomposable (resp. shellable) if and only if an arbitrary expansion of ∆ is kdecomposable (resp. shellable). Section 3 is devoted to studying some homological invariants of the Stanley-Reisner ideals of ∆ and ∆ α . In fact, we give inequalities which relate the regularity, the projective dimension and the depth of a simplicial complex to those of its expansion.
Preliminaries
Throughout this paper, we assume that ∆ is a simplicial complex on the vertex set X = {x 1 , . . . , x n }, K is a field and S = K[X] is a polynomial ring. The set of facets (maximal faces) of ∆ is denoted by F (∆) and if F (∆) = {F 1 , . . . , F r }, we write ∆ = F 1 , . . . , F r . For a monomial ideal I of S, the set of minimal generators of I is denoted by G(I). For α = (s 1 , . . . , s n ) ∈ N n , we set X α = {x 11 , . . . , x 1s1 , . . . , x n1 , . . . , x nsn } and
The concept of expansion of a simplicial complex was defined in [14] as follows. Definition 1.1. Let ∆ be a simplicial complex on X, α = (s 1 , . . . , s n ) ∈ N n and F = {x i1 , . . . , x ir } be a facet of ∆. The expansion of the simplex F with respect to α is denoted by F α and is defined as a simplicial complex on the vertex set
The expansion of ∆ with respect to α is defined as
A simplicial complex obtained by an expansion, is called an expanded complex.
Definition 1.2.
A simplicial complex ∆ is called shellable if there exists an ordering F 1 < · · · < F m on the facets of ∆ such that for any i < j, there exists a vertex v ∈ F j \ F i and ℓ < j with F j \ F ℓ = {v}. We call F 1 , . . . , F m a shelling for ∆.
For a simplicial complex ∆ and F ∈ ∆, the link of F in ∆ is defined as
and the deletion of F is the simplicial complex
Woodroofe in [20] extended the definition of k-decomposability to non-pure complexes as follows.
Let ∆ be a simplicial complex on vertex set X. Then a face σ is called a shedding face if every face τ containing σ satisfies the following exchange property: for every v ∈ σ there is w ∈ X \ τ such that (τ ∪ {w}) \ {v} is a face of ∆. Definition 1.3. [20, Definition 3.5] A simplicial complex ∆ is recursively defined to be k-decomposable if either ∆ is a simplex or else has a shedding face σ with dim(σ) ≤ k such that both ∆ \ σ and link ∆ (σ) are k-decomposable. The complexes {} and {∅} are considered to be k-decomposable for all k ≥ −1.
Note that 0-decomposable simplicial complexes are precisely vertex decomposable simplicial complexes.
Also the notion of a decomposable monomial ideal was introduced in [17] as follows. For the monomial u = x a1 1 · · · x an n in S, the support of u denoted by supp(u) is the set {x i :
For the monomial u and the monomial ideal I, set
and
For a monomial ideal I with
is called a shedding monomial for I if I u = 0 and for each M i ∈ G(I u ) and each We show this ordering by f 1 < · · · < f m and we call it an order of linear quotients on G(I). Let I be a monomial ideal which has linear quotients and f 1 < · · · < f m be an order of linear quotients on the minimal generators of I. For any 1 ≤ i ≤ m, For a simplicial complex ∆ with the vertex set X, the Alexander dual simplicial complex associated to ∆ is defined as
For a squarefree monomial ideal I = (x 11 · · · x 1n1 , . . . , x t1 · · · x tnt ), the Alexander dual ideal of I, denoted by I ∨ , is defined as
For a subset C ⊆ X, by x C we mean the monomial x∈C x. One can see that
where I ∆ is the Stanley-Reisner ideal associated to ∆ and
A simplicial complex ∆ is called Cohen-Macaulay (resp. sequentially CohenMacaulay, Buchsbaum and Gorenstein), if its the Stanley Reisner ring K[∆] = S/I ∆ is Cohen-Macaulay (resp. sequentially Cohen-Macaulay, Buchsbaum and Gorenstein).
For a simplicial complex ∆, the facet ideal of ∆ is defined as
Algebraic properties of an expanded complex
In this section, for a simplicial complex ∆, we study the Stanley-Reisner ideal I ∆ α to see how its algebraic properties are related to those of I ∆ . Proposition 2.1. Let ∆ be a simplicial complex on X and let α ∈ N n .
and ∆ is pure if and only if ∆ α is pure; (ii) For F ∈ ∆ and for every facet G ∈ F α , we have
Proof. (i) and (ii) are easily verified.
be a homomorphism defined on the basis elements as follows.
It is clear from the definitions ofC
Consider the diagramC 
Therefore ϕ α q is a well-defined homomorphism. It is easy to see that ϕ α q is surjective, because for [x i0 , . . . ,
Reisner gave a criterion for the Cohen-Macaulayness of a simplicial complex as follows. 
For a simplicial complex ∆ with the vertex set X and x i ∈ X, an expansion of ∆ obtained by duplicating x i is the simplicial complex with the vertex set
In fact ∆ ′ = ∆ (s1,...,sn) , where Proof. The 'if' part follows from Proposition 2.1 and Theorem 2.2. To prove the converse, let ∆ be Cohen-Macaulay. In the light of Remark 2.3, it is enough to show that any expansion of ∆ obtained by duplication an arbitrary vertex, is CohenMacaulay. Let X be the vertex set of ∆, x i ∈ X and ∆ ′ be an expansion of ∆ by duplicating
Thus The following theorem compares Buchsbaumness in a simplicial complex and its expansion. 
Proof. The assertion follows from the fact that if Γ 1 and Γ 2 are two simplicial complexes on X and α ∈ N n then For F ∈ ∆, set star(F ) = {G ∈ ∆ : F ∪ G ∈ ∆}. Let Γ ∆ be the induced subcomplex of ∆ on the set core(X) where core(X) = {x i ∈ X : star({x i }) = ∆}. A combinatorial description of Gorenstein simplicial complexes was given in [18] . It was proved that the simplicial complex ∆ is Gorenstein over a field K if and only if for all
For a face F ∈ ∆ α , we setF = {x i : x ij ∈ F for some j}.
Lemma 2.9. Let ∆ be a simplicial complex with ∆ = Γ ∆ and let α ∈ N n . Then
Proof. Let F be a facet of Γ ∆ α . Then F ∈ ∆ α and F ⊂ core(X α ). It is clear that
Hence G ∈ ∆ and G ⊂ core(X). This implies that for every x i ∈ G, star({x i }) = ∆. Thus for every 
It is easy to check that ∆ is Euler. Also, ∆ is Cohen-Macaulay and so it is Gorenstein. On the other hand,
. It follows that ∆ α is not Euler and so it is not Gorenstein.
The following theorem was proved in [17] . Theorem 2.13. Let ∆ be a simplicial complex and α ∈ N n . The ∆ is k-decomposable if and only if ∆ α is k-decomposable.
Proof. "Only if part": Considering Remark 2.3, it is enough to show that an expansion of ∆ obtained by duplicating one vertex, is k-decomposable. Let X be the vertex set of ∆, x i ∈ X and ∆ ′ be an expansion of ∆ by duplicating
As was shown in the proof of Theorem 2.4,
′ be an expansion of ∆ obtained by duplicating one vertex x i . We first show that if ∆ ′ is k-decomposable then ∆ is k-decomposable, too. If F (∆) = {F } then the expansion of ∆ obtained by duplicating one vertex x i is ∆ ′ = x i , x ′ i * F \x i and so it is k-decomposable,by Proposition 3.8 of [20] . Hence suppose that ∆ has more than one facet. Let σ be a shedding face of ∆ ′ and let link ∆ ′ σ and ∆ ′ \σ are k-decomposable. We have two cases: Case 1. Let x ′ i ∈ σ. Then ∆ = ∆ ′ \σ and so ∆ is k-decomposble. Similarly, if x i ∈ σ then ∆ ′ \σ and ∆ are isomorphic and we are done. Case 2. Let x i ∈ σ and x ′ i ∈ σ. Then link ∆ ′ σ and ∆ ′ \σ are, respectively, the expansions of link ∆ σ and ∆\σ obtained by duplicating x i . Therefore it follows from induction that link ∆ σ and ∆\σ are k-decomposable. Also, it is trivial that σ is a shedding face of ∆. Now suppose that α = (k 1 , . . . , k n ) ∈ N n and ∆ α is k-decomposable.
α is the expansion of ∆ β and by above assertion, if ∆ α is k-decomposable then ∆ β is k-decomposable, too. In particular, it follows by induction that ∆ is k-decomposable, as desired.
The following theorem which was proved in [20] , relates the shellability of a simplicial complex to d-decomposability of it. 
Homological invariants of the Stanley-Reisner ideal of an expanded complex
In this section, we compare the regularity, the projective dimension and the depth of the Stanley-Reisner rings of a simplicial complex and its expansions. The following theorem, gives an upper bound for the regularity of the Stanley-Reisner ideal of an expanded complex in terms of reg(I ∆ ). Proof. It is enough to show that for any 1 ≤ i ≤ n, (2) reg (I ∆ (1,...,1,s i ,1,. ..,1) ) ≤ reg(I ∆ ) + 1.
Then from the equality ∆ (s1,...,sn) = (∆ (s1,...,sn−1,1) ) (1,...,1,sn) , we have reg(I ∆ (s 1 ,...,sn) ) ≤ reg(I ∆ (s 1 ,...,s n−1 ,1) ) + 1, and one can get the result by induction on n.
To prove (2), we proceed by induction on s i . First we show that the inequality reg(I ∆ ′ ) ≤ reg(I ∆ ) + 1 holds for any expansion of ∆ obtained by duplicating a vertex. Let X be the vertex set of ∆, x i ∈ X and ∆ ′ be an expansion of ∆ by duplicating x i on the vertex set X ′ = X ∪ {x
and consider the following short exact sequence of graded modules Let t = min{|F | : F ∈ F (∆)}. Then min{|F | : F ∈ F (∆ α )} = t, bight(I ∆ ) = n− t and bight(I ∆ α ) = |X α | − t = s 1 + · · · + s n − t = s 1 + · · · + s n + pd(S/I ∆ ) − n.
The second equality holds by Auslander-Buchsbaum formula. Note that depth(S α ) = s 1 + · · · + s n .
Let m and n be, respectively, the maximal ideals of S and S α . The second inequality holds by Auslander-Buchsbaum formula.
